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Abstract
Let G be a simple graph, its Laplacian matrix is the difference of the diagonal matrix of its degrees
and its adjacency matrix. Denote its eigenvalues by (G) = 1(G)2(G) · · · n(G) = 0. A
vertex of degree one is called a pendant vertex. Let Tn,k be a tree with n vertices, which is obtained
by adding paths P1, P2, . . . , Pk of almost equal the number of its vertices to the pendant vertices of
the star K1,k . In this paper, the following results are given:
(1) Let T be a tree with n vertices and k pendant vertices. Then
(T )(Tn,k),
where equality holds if and only if T is isomorphic to Tn,k .
(2) Let G be a simple connected bipartite graph with degrees d1, d2, . . . , dn. Then
(G)2
√√√√ 1
n
n∑
i=1
d2
i
,
where equality holds if and only if G is a regular connected bipartite graph.
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(3) Let G be a simple connected bipartite graph with vertices v1, v2, . . . , vn and their degrees
d1, d2, . . . , dn. Then
(G)2+
√√√√ 1
m
∑
vi∼vj , i<j
(di + dj − 2)2,
where m is the edge number of G and equality holds if and only if G is either a regular connected
bipartite graph or a semiregular connected bipartite graph or the path with four vertices.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Laplacian eigenvalue; Tree; Pendant vertex
1. Introduction
Let G be a graph with vertex set {v1, v2, . . . , vn}. The spectral radius of G, (G), is the
largest eigenvalue of its adjacency matrix A(G). A(G) = (aij ) is deﬁned to be the n × n
matrix (aij ), where aij = 1 if vi is adjacent to vj , and aij = 0 otherwise.
When G is connected, A(G) is irreducible and by the Perron–Frobenius Theorem, e.g.
[1] or [3], the spectral radius (G) is simple and there is a unique positive unit eigenvector.
We shall refer to such an eigenvector as the Perron vector of G.
A pendant vertex ofG is a vertex of degree 1. LetNG(v) denote the set of vertices adjacent
to v in G and dv the degree of v.Tn,k denotes the set of trees with n vertices and k pendant
vertices (n, k ﬁxed).
The tree Tn,k is obtained from a star K1,k and k paths of almost equal lengths by joining
each pendant vertex ofK1,k to an end vertex of one path. Obviously, 2kn− 1.Assume
q = [(n − 1)/k], n − 1 = kq + r (0rk − 1). Denote the degree of vi by di and let
D(G)= (di,j ) be the diagonal matrix of vertex degrees, i.e., di,j = di if i = j and di,j = 0
otherwise. Let LG be the line graph of G and let AL denote the adjacency matrix of LG.
The Laplacian matrix is L(G) = D(G) − A(G). It is well known that L(G) is positive
semideﬁnite symmetric. We denote the eigenvalues of L(G) in nonincreasing order by
(G)= 1(G)2(G) · · · n(G)= 0
and call (G), the Laplacian spectral radius of G.
A bipartite graph is said to be semiregular if each vertex in the same part of a bipartition
has the same degree.
In this paper, we give some sharp lower and upper bounds for the Laplacian spectral
radius of trees that depend on only the degree sequences, i.e.,
(1) Let T be a tree with n vertices and k pendant vertices. Then
(T )(Tn,k),
where the equality holds if and only if T is isomorphic to Tn,k .
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(2) Let G be a simple connected bipartite graph with degrees d1, d2, . . . , dn. Then
(G)2
√√√√1
n
n∑
i=1
d2i ,
where equality holds if and only if G is a regular connected bipartite graph.
(3) Let G be a simple connected bipartite graph with vertices v1, v2, . . . , vn and their
degrees d1, d2, . . . , dn. Then
(G)2+
√√√√ 1
m
∑
vi∼vj , i<j
(di + dj − 2)2,
where m is the edge number of G and equality holds if and only if G is either a regular
connected graph or a semiregular connected bipartite graph or the path with four vertices.
2. A sharp upper bound
Lemma 2.1 (Merris [8]). D +A andD −A have the same spectrum if and only if G is a
bipartite graph.
Lemma 2.2. Let A be a nonnegative symmetric matrix and x be a unit vector of Rn. If
(G)= xTAx, then Ax = (A)x.
Proof. Since A is a real symmetric matrix, all of its eigenvalues are real. Assume, without
loss of generality, that they are ordered in nonincreasing order and the multiplicity of (A)
is m, i.e.,
(A)= 1(A)= 2(A)= · · · = m(A)> m+1(G) · · · n(A),
(includingmultiplicities). Supposei is a unit eigenvector associatedwithi (i=1, 2, . . . , n)
and aTi aj = 0 (i = j). Then i (1 in) form a standard orthogonal basis ofRn. Thus x
can be written as
x = a11 + a22 + · · · + ann (ai∈R, i=1, 2, . . . , n), a21 + a22 + · · · + a2n=1.
For (A)= xTAx, we have
(A)= (a11 + a22 + · · · + ann)T(a111 + a222 + · · · + annn)
= a211 + a222 + · · · + a2nn
1
n∑
i=1
a2i
= (A).
Therefore, am+1=am+2=· · ·=an=0, x=a11+a22+· · ·+amm. Since 1, 2, . . . , m
are eigenvectors associated with (A), we have that x is an eigenvector associated with
(A). 
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Theorem 2.1. LetGbe a connected graph and (G) be the spectral radius ofD(G)+A(G).
Let u, v be two vertices of G and dv be the degree of vertex v. Suppose v1, v2, . . . , vs (1
sdv) are some vertices of NG(v)\NG(u) and x = (x1, x2, . . . , xn)T is the Perron vector
of D(G) + A(G), where xi corresponds to the vertex vi (1 in). Let G∗ be the graph
obtained from G by deleting the edges (v, vi) and adding the edges (u, vi) (1 is). If
xuxv , then (G)< (G∗).
Proof. Clearly,
xT(D(G∗)+ A(G∗)−D(G)− A(G))x = 2
s∑
i=1
xi(xu − xv)+ s(x2u − x2v )0.
Thus
(G∗)= max‖y‖=1 y
T(D(G∗)+ A(G∗))y
xT(D(G∗)+ A(G∗))xxT(D(G)+ A(G))x = (G). (1)
If (G∗)= (G), then the equalities in (1) hold. So
(G∗)= xT(D(G∗)+ A(G∗))x.
By Lemma 2.1, we have (D(G∗)+ A(G∗))x = (G∗)x. Thus
(G∗)xv = ((D(G∗)+ A(G∗))x)v =
∑
vi∈NG∗ (v)
xi + (dv − s)xv . (2)
Also from (D(G)+ A(G))x = (G)x, we have
(G)xv = ((D(G)+ A(G))x)v =
∑
vi∈NG(v)
xi + dvxv
=
∑
vi∈NG∗ (v)
xi +
s∑
i=1
xi + dvxv . (3)
Since x = (x1, x2, . . . , xn)T is the Perron vector ofD(G)+A(G), xi > 0 (1 in). Thus∑s
i=1 xi > 0. By Eqs. (2) and (3), we have (G∗)xv < (G)xv , then (G∗)< (G), a con-
tradiction. Therefore, (G)< (G∗). 
Lemma 2.3 (Li and Feng [7]). Let u be a vertex of the connected graph G and for positive
integers k and l, Gk,l denote the graph obtained from G by adding pendant paths of length
k and l at u. If k l1, then
(Gk,l) >(Gk+1,l−1).
Lemma 2.4 (Li and Feng [7]). Let u and v be two adjacent vertices of the connected graph
G and for nonnegative integers k and l, Gk,l denote the graph obtained from G by adding
pendant paths of length k and l at u and v, respectively. If k l1, then
(Gk,l) >(Gk+1,l−1).
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Lemma 2.5 (Shu et al. [9]). Let G be a simple connected graph and LG be the line graph
of G. Then
(G)2+ (LG),
where equality holds if and only if G is a bipartite graph.
Theorem 2.2. Let T be a tree with n vertices and k pendant vertices. Then
(T )(Tn,k),
where equality holds if and only if T is isomorphic to Tn,k .
Proof. We have to prove that if T ∈ Tn,k , then (T )(Tn,k) with equality only when
T = Tn,k . Let t be the number of the vertices whose degrees are no less than 3.
Case 1: t=0. In this case, T is a path of length n, hence T =Tn,2.We have (T )=(Tn,2).
Case 2: t = 1. We consider the line graph LT of T, it is easy to see that the LG is
obtained by adding paths P1, . . . , Pn−k to the vertices of the complete graph Kn−k . Since
(T )=2+(LT ), and forLT repeated use of Lemmas 2.3 and 2.4, the result (T )(Tn,k)
follows and equality holds if and only if T = Tn,k .
Case 3: t > 1. Let x = (x1, x2, . . . , xn)T be the Perron vector ofD(T )+A(T ), where xi
corresponds to the vertex vi(1 in). Suppose u, v are two vertices ofTwhose degrees are
no less than 3, and xuxv . SinceT is a tree, there is a unique pathP between u and v and only
one of v’s neighbors, say w, is on the path P. Assume {v1, v2, . . . , vdv−2} ⊂ NG(v)\{w}.
Delete the edges (v, vi) and add the edges (u, vi) (1 idv − 2), then we get a new tree
T ∗1 . Obviously T ∗1 still has k pendant vertices. By Theorem 2.1, we have (T )<(T ∗1 ) and
the number of the vertices of degree no less than 3 decreases to t − 1. If t − 1> 1, to T ∗1
repeat the above steps until the number is only one. So we get trees
T ∗2 , T ∗3 , . . . , T ∗t−1
and
(T ∗1 )<(T ∗2 )< · · ·<(T ∗t−1)
Moreover, each T ∗i has k pendant vertices. Referring to case 2, we have (T ∗t−1)(Tn,k).
Therefore, (T )<(Tn,k).
By the above cases, we complete the proof. 
A cut vertex in a connected graph G is a vertex whose deletion breaks the graph into at
least two parts. Let n,k be the set of connected graph on n vertices and k cut vertices. The
graphGn,k is obtained by adding paths P1, . . . , Pn−k of almost equal lengths (by the length
of a path, we mean the number of its vertices) to the vertices of the complete graph Kn−k .
Corollary 2.1 (Berman and Zhang [2]). Of all the connected graphs on n vertices and k
cut vertices, the maximal spectral radius is obtained uniquely at Gn,k .
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Proof. We can assume that each cut vertex of G connects exactly two blocks and that all
of these blocks are cliques. It is easy to see that there exists a tree T with n+ 1 vertices and
k + 1 cut vertices such that G is isomorphic to the line graph LT of T. Hence,
(G)= (LT )= (T )− 2.
This result follows from Theorem 2.2. 
Theorem 2.3. (Tn,k−1)<(Tn,k), 3kn− 1.
Proof. It follows from Lemma 2.5, since LTn,k−1 is a proper spanning subgraph of
LTn,k . 
Corollary 2.2. Let T be a tree on n vertices. Then (T )n, and equality holds if and only
if TTn,n−1(K1,n−1), the star with n vertices.
Corollary 2.3 (Guo [5]). Let T be a tree on n vertices. Let M(T ) denote one maximum
matching of T and suppose |M(T )| = i. Then
(T )(Tn,n−i )
and equality holds if and only if T = Tn,n−i .
Proof. Let k denote the number of the pendant vertices of T. For |M(T )| = i, we have
k i + n− 2i = n− i. By Theorems 2.2 and 2.3, we have (T )(Tn,k)(Tn,n−i ), and
equality holds if and only if T = Tn,n−i . 
3. Some sharp lower bounds
In order to obtain lower bounds for the spectral radius, we recall some notations. For
a graph G, denote by ti the 2-degree of vertex vi , which is the sum of the degrees of
the vertices adjacent to vi ; and denote by mi the average degree of vi , which is ti/di .
Furthermore, denote by Ni the sum of the 2-degree of vertices adjacent to vi . In addition, a
graph is called pseudo-regular if all the vertices have the same average degrees. A bipartite
graph is called pseudo-semiregular if all vertices in the same part of a bipartition have the
same average degree. Now we present the main result in this section.
Theorem 3.1. Let G be a simple connected graph of order n. Then
(G)
√∑n
i=1N2i∑n
i=1 t2i
with equality if and only if
N1
t1
= N2
t2
= · · · = Nn
tn
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or G is a bipartite graph with V =V1∪V2, V1={v1, . . . , vs} and V2={vs+1, . . . , vn} such
that N1/t1 =N2/t2 = · · · =Ns/ts and Ns+1/ts+1 = · · · =Nn/tn.
Proof. By Rayleigh quotient, we have
(G)2 = (A(G)2)=max
x =0
xTA(G)Tx
xTx
.
Let C = (t1, . . . , tn)T. Then
CTA(G)2C =
n∑
i=1

∑
j∼i
tj


2
=
n∑
i=1
N2i
and CTC =∑ni=1 t2i . Hence
(G)=
√
max
x =0
xTA(G)Tx
xTx

√∑n
i=1N2i∑n
i=1 t2i
.
If equality holds, then C is a positive eigenvector of A(G)2 corresponding to (A(G)2).
Let y = (y1, . . . , yn)T be a positive eigenvector of A(G) corresponding to (G).
If the eigenvalue (A(G)2) of A(G)2 has multiplicity one, then, by Perron–Frobenius
theorem, C is an eigenvector of A(G) corresponding to (A(G)). Therefore A(G)C =
(G)C, which implies N1/t1 =N2/t2 = · · · =Nn/tn.
If the eigenvalue (A(G)2) of A(G)2 has multiplicity two, then it is easy to see that
−(A(G)) is an eigenvalue ofA(G). HenceG is a bipartite graph.Without loss of generality,
we assume that
A=
(
0 B
BT 0
)
,
where B is an s × (n− s) matrix. Hence
A2 =
(
BBT 0
0 BTB
)
and
BBTC1 = (A(G)2)C1, BTBC2 = (A(G)2)C2,
where C1 = (t1, . . . , ts)T and C2 = (ts+1, . . . , tn)T. Let Y1 = (y1, . . . , ys)T and Y2 =
(ys+1, . . . , yn)T. Thus BBTY1 = (A(G)2)Y1 and BTBY 2 = (A(G)2)Y2. Since BBT
and BTB have the same nonzero eigenvalues, BBT and BTB have eigenvalues (A(G)2)
with multiplicity one, respectively. Hence by Perron–Frobenius theorem, Y1 = aC1 and
Y2 = bC2. Now, it follows from A(G)Y = (G)Y that N1/t1 = N2/t2 = · · · = Ns/ts and
Ns+1/ts+1 = · · · =Nn/tn.
Conversely, by the samemethod of the proof for Theorem 4 in [10] and some calculations,
it is easy to see that the result holds. 
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Corollary 3.1 (Yu et al. [10]). Let G be a simple connected graph of order n. Then
(G)
√∑n
i=1 t2i∑n
i=1 d2i
with equality if and only if G is either a pseudo-regular graph or a pseudo-semiregular
graph.
Proof. Let A(G) = (aij ) be the adjacent matrix of G. By Cauchy–Schwaryz’s inequality,
we have(
n∑
i=1
N2i
)(
n∑
i=1
d2i
)

(
n∑
i=1
diNi
)2
=

 n∑
i=1
n∑
j=1
aij tj di


2
=

 n∑
j=1
(
n∑
i=1
aij di
)
tj


2
=

 n∑
j=1
t2j


2
with equality if and only if
N1
d1
= N2
d2
= · · · = Nn
dn
.
Hence∑n
i=1N2i∑n
i=1 t2i

∑n
i=1 t2i∑n
i=1 d2i
.
Therefore it follows from Theorem 3.1 that result holds. 
In 1988, Hofmeister (see [6] and [4]) showed that the spectral radius of a graph G with
degree sequence d1, d2, . . . , dn satisﬁes (G)
√
1
n
∑n
i=1 d2i . Here we give a proof which
characterizes the graphs with equality.
Corollary 3.2 (Hofmeister [6] andYu et al. [10]). Let G be a simple connected graph with
degree sequence d1, d2, . . . , dn. Then
(G)
√√√√1
n
n∑
i=1
d2i
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with equality if and only if G is either a regular connected graph or a semiregular connected
bipartite graph.
Proof. This corollary follows from Corollary 3.1. 
LetA be a nonnegativematrix of order n. Let ri(A) or simply ri , be the sum of all elements
in the ith row. A matrix A is called row-regular if all row sums ri(A) are equal. Similarly,
column-regular can be deﬁned.
Lemma 3.1. Let A be a nonnegative irreducible positive semideﬁnite symmetric matrix.
Then
(A)
√√√√1
n
n∑
i=1
r2i
with equality if and only if A is row-regular.
Proof. Let
X = (x1, x2, . . . , xn)T
be the unit eigenvector of A corresponding to (A). Taking
C =
√
1
n
(1, 1, . . . , 1)T,
then
(A)=
√
(A2)=
√
XTA2X
√
CTA2C =
√√√√(1/n) n∑
i=1
r2i .
It is easy to see that the multiplicity of (A2) is one. Hence, if equality holds, then X = C
and A is row-regular.
Conversely, if A is row-regular, then
r1 = r2 = · · · = rn.
So
(A)=
√√√√1
n
n∑
i=1
r2i . 
Theorem 3.2 (Yu et al. [10]). Let G be a simple connected bipartite graph with degrees
d1, d2, . . . , dn. Then
(G)2
√√√√1
n
n∑
i=1
d2i ,
where equality holds if and only if G is a regular connected bipartite graph.
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Proof. This follows from Lemma 3.1, since D + A and D − A have the same non-
zero eigenvalues and D + A is a nonnegative irreducible positive semideﬁnite symmet-
ric matrix. 
Lemma 3.3. Let G be a simple connected bipartite graph with n vertices and m edges. Let
LG be the line graph of G. Let A denote the adjacency matrix of G and AL the adjacency
matrix of LG. Then D − A and 2I + AL have the same nonzero eigenvalues.
Proof. Suppose that G has n vertices v1, v2, . . . , vn and m edges e1, e2, . . . , em. We deﬁne
an n×mmatrixX=X(G) as follows: (X)i,j = 1 if vi and ej are incident and 0 otherwise.
Then:
(1) XTX = AL + 2Im.
(2) XXT =D + A.
Hence AL + 2Im and D + A have the same nonzero eigenvalues. This Lemma holds
since D − A and D + A have the same nonzero eigenvalues by Lemma 2.1. 
Theorem 3.3. Let G be a simple connected bipartite graph with vertices v1, v2, . . . , vn
and corresponding degrees d1, d2, . . . , dn. Then
(G)2+
√√√√ 1
m
∑
vi∼vj , i<j
(di + dj − 2)2,
where m is the edge number of G. The equality holds if and only if G is either a regular
connected bipartite graph, or a semiregular connected bipartite graph, or the path with
four vertices.
Proof. Let LG be the line graph of G. Since G is a bipartite graph, by Lemma 2.5 we have
(G)= 2+ (LG).
By Corollary 3.2, we have
(G)2+
√√√√ 1
m
∑
vi∼vj , i<j
(di + dj − 2)2
with equality if and only ifLG is either a regular connected graph or a semiregular connected
bipartite graph. It is easy to show that LG is regular if and only if G is either a regular
connected graph or a semiregular connected bipartite graph. Further, if LG is a connected
bipartite graph, then the maximum degree ofGmust be not greater than 2. HenceG is either
the circuit Cn or the path Pn. Therefore LG is either Cn or is the path Pn−1. Cn is regular,
and Pn−1 is a semiregular connected bipartite graph if and only if n4. Hence the theorem
follows, since P2 is regular and P3 is a semiregular connected bipartite graph. 
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